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1. INTRODUCTION 
In this paper we consider the oscillatory behavior of advanced differen- 
tial inequalities of the forms 
(- l)‘x’“‘(t)sgnx(t)~p(t) fi Ix(gi(t))l@ W,) 
i= 1 
and 
(- 1 )zx’“‘(f) w x(t) b f pi(t) IxMt))l, 
i= 1 
where n 2 2, z E { 1, 2, n, n + 1 }, cli (i = 1, . . . . m) are nonnegative numbers 
withcc,+...+cr,=1,thefunctionsp,Pi:R+jR+=[O,co)(i=1,...,m) 
are integrable on each finite segment and are not identically zero in every 
neighbourhood of infinity. The advanced arguments g;: R, + R, are 
nondecreasing continuous functions with gi(t) B t on R, . 
By a solution of (N,)[(L,)] we mean a function x: [It,, co) --+ R, t,e R,, 
such that 
h-4 XCk) (k = 0, 1, . ..) n - 1) is absolutely continuous on [to, co), 
(b) sup{lx(s)]: t<s<co}>Oforany tat,, 
(c) x satisfies (N,) ,[(L,)] almost everywhere on [to, co). 
A solution of (N,) [(L,)] is called oscillatory, if it has infinite sequence of 
zeros tending to infinity. Otherwise it is called nonoscillatory. 
The purpose of this paper is to study oscillations of solutions of (N,) 
[(L,)] generated by advanced arguments gi. The main results of this paper 
are new and are different from the analogous known ones for functional 
differential equations and inequalities (see [ 1-6, 8-151 and the references 
contained therein). 
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Let us denote g,(t)=min(gl(t), . . . . g,(t)) and g*(t)=max(g,(t), . . . . 
g,(f)). Moreover, let r: R + + R, be a continuous function such that 
r(t) < t < g,(r(t)) (i= 1, . . . . WI) on R,. 
To obtain our results we need the following lemmas. 
LEMMA 1 [ 163. All solutions of the advanced differential inequality 
Y’(t) w Y(t) 24(t) fi Y(gi(t))l”’ 
i=l 
are oscillatory if 
i!, ui liz ‘,“f j,“;“’ q(s) ds > f , 
where q, gi: R, + R, (i= 1, . . . . m) are continuous functions with g,(t) 3 t on 
R, and ui (i = 1, . . . . m) are nonnegative numbers with c(, + .. . + CI, = 1. 
LEMMA 2 [7]. Let x be a nonoscillatory solution of (N,) [(L,)]. Then 
there exists an integer 1 E (0, 1, . . . . n } with n + 1+ z even and a number 
t, E [to, a~) such that 
x(t)X’k’(t)>O (k=O, 1, . ..) I- I), (-ly+’ x(t) XCk)( t) > 0 
(k=I,...,n-1) (1) 
.for t> t,. 
LEMMA 3. Zf for some v E { 1, . . . . n - 1 } 
m 
C f.xj lim inf 
g,@(r)) 0 
j=l I s t+m f 
p(oI(~-s~~-~~L~(~) fi [g~(~)-gi(~(~))l’“-““~dSd~ 
i= 1 
,(v-l)!(n-v-l)! 
e 
(2) 
or 
(v-s)~-“~~ 5 p,(s)[g,(s)-g,(r(v))]“-‘dsdu 
i= 1 
,(v-l)!(n-v-l)! 
2 (3) e 
then (N,) [or (L2)] does not have a solution x with the property 
x(t) xCk)(t) > 0 (k = 1, ..,, n - 1) and x(t)x’“‘(t)20 
for large t 2 t, . 
(4) 
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Proof Suppose that (NJ [(Lz)] h as a nonoscillatory solution x 
satisfying (4), which is possible by Lemma 2. Then by the equality 
n- 1 (t _ U)k-j 
x(j)(t) = c 
k=, (k-j)! 
X(k)(U) + I,: ‘(;“y;,’ X@)(S) ds (5) 
for j= vE { 1, . . . . n- 1) and j=O we obtain 
and 
Ix(t)1 >(t--)Y-l 1x(“-‘)(u)J 
’ (v-l)! 
for t 2~3 t,. Therefore (6), (N2), (L,), and (7) give 
x fi [g,(s) - gi(r(t))]‘“-‘)mt ds 
i= I 
or 
X f Pi(S)IIgi(S)b gi(r(t))l’-’ b”p”(gi(r(t))l ds 
i=l 
X f Pi(S)Cgi(S)- gi(r(t))I”-’ ds. 
i=l 
(6) 
(7) 
In view of (2) or (3) and Lemma 1 we have a contradiction. Thus (N,) 
[(L2)] cannot possesses a nonoscillatory solution satisfying (1) for I= n. 
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2. DIFFERENTIAL INEQUALITIES WITH THE QUICKLY INCREASING ARGUMENTS 
We say that a continuous function f: [ti , co) + R is quickly increasing 
if f(t)-f(s)>t-s for tasbtl. In this section we assume that the 
advanced arguments g, (i = 1, . . . . m) are quickly increasing functions. 
THEOREM 2.1. Let n be even. Zf 
m 
1 cli lim inf 
&(l) a 
f  f  
(n - 2)! 
(v-s)“-*p(v)dvds>--, (8) 
i=l f-m f  s e 
then every solution of (N, ) is oscillatory. 
Proof: &pose that the inequality (N,) has a nonoscillatory solution 
x(t) # 0 for r > t, . Then, in view of Lemma 2, x satisfies ( 1) for an odd 
integer 1 E { 1, 3,..., n- l}. Therefore from (5) for j=Z and j=O we have 
Ix”‘Wl 2 jr 
co (s--)“-‘-’ 
(n _ /- l)r Ix(‘%)I ds 
and 
(t - u)‘- l 
Ix(t)l 2 (,- 1 ), 1x(‘- “(U)l for tauat,. 
(9) 
(10) 
Then from (9), (N,), and (10) we get 
Ix”‘(‘)I L l,m ‘Fn:‘i”I,: /J(S) fi IX(gi(S))I*’ ds 
i= I 
> s 
cc (s--)“-‘-’ 
, (l- l)!(n-I- l)! ‘(‘) 
X fi [[gi(s)- gi(t)]‘-’ Ix”~“(gi(t))l]“Jds. 
i=l 
Since g,(s)-gg,(t)3s- t and ZE (1, . . . . n- l}, we have 
Hence 
~x”‘(t)l 2 fi Ix- “(gj(t))l*8 j-,,= (;;;;; 2 P(S) ds. 
i= I 
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By (8) and Lemma 1 it follows that x (‘- ‘) is oscillatory, which contradicts 
the fact that Ix(‘-l) (t)l > 0 for all large t > t i . Thus the proof is complete. 
Remark 1. It is worth noticing that the constant on the right-hand side 
of (8) cannot be improved; i.e., condition (8) cannot be replaced by the 
condition 
m 
1 a,lim inf 
g,(r) m 
s J‘ 
(n - 2)! 
(u-s)“-2p(u)duds>--& (12) 
i= 1 t-m f s e 
for some E E (0, (n - 2)!/e]. For example, we consider the linear differential 
equation 
x”(t)+cc(l -a)e-1t-2x(e1’at)=0, O<ci<l. 
Let EE (0, l/e]. Thencondition (12) is fulfilled for all a E (0, Ee), since 
e’k m 
lim inf 
I I 
1 a 1 
1-m I s 
a(1-a)e~1u-2duds=r-;>;-s. 
However, this equation has nonoscillatory solution P. 
THEOREM 2.2. Let n be even. Then either of the conditions 
or 
lim inf 
g*(t) ‘x 
I I (u--s)~-~ 'f pJu)duds>y (13) r-m0 s i= 1 
s 
g’(t) 
lim inf [g*(s)]p1~sm(u-s)n-2 f g,(s)p,(v)duds>F (14) t-m , i= I 
implies that every solution of (L, ) is oscillatory. 
Proof Assume that the inequality (L, ) possesses a nonoscillatory 
solution x(t) # 0 for t 2 t, . Then x satisfies the inequalities (1) with an odd 
integer 1E { 1, 3, . . . . n - 1) and the inequalities (9) and (10) hold. Therefore 
from (9) (L,), and (10) we obtain 
Ix(“(t)l 2 1 Im ‘;npet;“l,: .z P (s) IX(gi(s))I h 
.I 1 
s 
co 
a 
(S- ty-‘-1 
f Pi(s)Cgi(s)- gi(t)l’- ’ 1x(‘- “(gt(t))l ds. I (I- l)!(n-l- l)! ;=, (15) 
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Let (13) hold. Since gj (i= 1, . . . . 
n-l}, and ]x(‘-“1 
m) are quickly increasing, 1 E (1, . . . . 
is increasing, we have 
~ (S--y-* 
(n - 2)! I,+ “k,w)l (16) 
for s3t>t,. Using (16) in (15) we get 
(x(‘)(t)1 g5 (x((-” (s*(t))1 1 
cc (S--)n-* m 
I (n-2)\ .; pJsJds. 
. I I 
From the above inequality, (13), and Lemma 1 we obtain a contradiction. 
Next, let (14) hold. Then from (14) it follows that 
p,(t) dt = co. 
First we prove that 
[‘““-t”(‘)‘J<O forlarge tat,. 
(17) 
(18) 
Let w(t)=t Ix(“(t)l -Ix”-l’(t)/ for t&t,. Then [t-’ Ix”-1’(t)]]‘=t~‘2~(t) 
and w’(t)= -lx (‘+l’(t)l <O for tat’, since sgnx+“(t)=sgnx(“(t)= 
-sgn x (‘+l)(t) for t>t,. Thus either w(t) < 0 or w(t) >O for large 
t > t2 2 t r. We shall prove that the second case is impossible. If w(t) > 0, 
then [t-’ Ix(‘~ ” (t)]]‘> 0 for t 3 t2. Hence there exist a positive constant y 
and a point t,>t, such that Ix(t)] >yt’ and Ix(gi(t))\ ky[g,(t)]’ 
(i= 1, . . . . m) for t > I,. Therefore from (9) and (L,) we obtain 
m (s-Q--l-’ 
Ix(‘)(t3)1 bjt3 cn-I- 1j! Ix(“‘(s)I ds 
2/+1-n o. 
’ (n-I-l)! 5 ‘“-‘-I f Pi(s) IX(gi(s))l ds 2, i= 1 
Y2 2-n co 
“(n 2f) I d-‘-l $, fWCgi(4l’ds 
2$&-;~~-~ f p,(s)& 
i= 1 
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which contradicts (17). Hence (18) holds. Then using the assumption on gi 
we get 
(s- t)“-‘-1 
(I- l)!(n-1- l)! Cgits) - .ETi(t)l’p ’ Ix(‘- l’(gi(t))l 
3 ts- c)np2 gi(t) I~(/- i)(g*(t))l 
(n - 2)! g*(t) 
for 1~ (1, . . . . n- 1). Using (19) in (15) one gets 
Ix(‘)(t)1 2 
IX (‘-‘)(g*(t))l 
s*(t) s 
02 (S-t)“-* m 
, tn- 21, .T: gitt) Pits) d.3. 
. I 1 
In view of Lemma 1 and (14) we obtain a contradiction. Thus the proof is 
complete. 
Remark 2. One can observe that if m = 1 then conditions (13) and (14) 
are the same. But in the case m > 1 conditions (13) and (14) for oscillation 
are independent. For example, the following differential equation 
has only oscillatory solutions, since condition (13) of Theorem 2.2 is 
fulfilled. However, condition (14) of Theorem 2.2 is not satisfied. Consider 
now the differential equation 
Then condition (14) is fulfilled. In this case condition (13) is not satisfied. 
THEOREM 2.3. Let n be odd. Consider the differential inequality (N2) 
subject to the conditions (2) and (8). Then all solutions of (N,) are 
oscillatory. 
THEOREM 2.4. Let n be odd. Consider the differential inequality (L2) 
subject to the conditions (3) and (13) or (14). Then all solutions of (L2) are 
oscillatory. 
Proof of Theorems 2.3 and 2.4. Suppose that x is a nonoscillatory 
solution of (N,) [(L2)], Then x satisfies either the inequalities (4) or the 
inequalities (1) with an odd ZE { 1, . . . . n - 2}, by Lemma 2. In view of 
Lemma 3 and reasoning similarly as in the proofs of Theorems 2.1 and 2.2, 
it follows that the first case is impossible by (2) [(3)] and the second case 
is also impossible by (8) [( 13) or (14)]. Therefore all solutions of (N2) 
[ L2)] are oscillatory. 
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THEOREM 2.5. Suppose that 
s m Wp(t) dt = co. (20) 
Furthermore, let (2) be fulfilled for II even. If n > 2, then assume in addition 
that 
f oc,lim inf 
‘?/co = 
s s 
(v-s)“-‘p(v) fi [g;(v)-g,(s)]“dvds>?, (21) 
j=, 1-a *  A i=l 
where C, = (n - 2 - (( ( - 1)” + 1)/2))!. Then every solution x of the differen- 
tial inequality (N,) is either oscillatory or lim,, ot x(“)(t) = 0 (k =O, 1, . . . . 
n - 1) monotonically. 
THEOREM 2.6. Let (17) hold, Moreover, let (3) be fulfilled for n even. rf 
n > 2, then assume in addition that 
lim inf I 
g’(t) 1 
- 
I-30 ( I 
m 
g*(s) A 
(v-s)~-~ 2 g,(s)[g,(v)-g;(s)] pi(v)d 
i= 1 
(22) 
Then every solution x of the differential inequality (L,) is either oscillatory 
or lim,, o. xck)( t) = 0 (k = 0, 1, . . . . n - 1) monotonically. 
Proof of Theorem 2.5 and 2.6. Let x be a nonoscillatory solution of 
(N,) [(L,)]. Then, by Lemma 2, x satisfies (1) for an even integer 
1E (0, 2, . ..) n}. The case I= n (n is even) is impossible by (2) [(3)] and 
Lemma 3. Now we shall prove that the case 1 E { 2, . . . . n - 1 }, n > 2, is also 
impossible. In this case the proof is the same as the proofs of Theorems 2.1 
and 2.2, if we replace (1 1 ), (16), and (19) with the inequalities 
,l’;,;i)‘,~! ,Jj Isi(s)~~i(r)l”~“‘~‘S~:jn~3 jc, Cgi(s)-gi(t)l”‘9 
(s-t,n’il 
(l- l)!(n-l- l)! CgiCs) - gi(t)l’p ’ Ix”pl’(gi(t))l 
i 
(‘-GJnem3 Cgi(s)-gi(t)l Ix”~“(g*(t))l~ 
3 n 
(s-;)n-3$$ [g,(s)- gi(t)] Ix”-“(g*(t))/, 
n 
respectively, for 1 E 12, . . . . n - 1) and s > t. 
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Therefore x satisfies (1) for I = 0, i.e., ( - l)k x(t) xCk)(t) > 0 
(k = 0, 1, . ..) n - 1) and ( -l)“x(t) x(“)(t) > 0 for t > t,. Using this fact in (5) 
with j = 0 we get 
(23) 
We shall prove that lim,, ~ x(t)=O. Suppose to the contrary that 
lim 1+ao Ix(t)l=b>O. Then jx(g,(t))l>s (i=l,...,m) for tat, and from 
(23), (N,), and (L,) we have 
crJ (s- tl)“-’ 
Ix(t,)l 2 j-, tn _ 1 )! Ix(‘%)I ds 
3 
I 
co (s- t1)“-’ (Q-” m 
21, (n- l)! 
P(S) fi Ix(gi(s))lalds~- 
I=1 
(n-*)! s 2,, s”-lp(s)ds 
and 
which contradicts (20) and (17). Hence lim,,,x(t)=O and (see [14]) 
lim ,-Co xCk’(t) = 0 (k = 1, . . . . n - 1). Thus the proof is complete. 
3. DIFFERENTIAL INEQUALITIES WITH THE SLOWLY INCREASING ARGUMENTS 
A continuous function f: [tl , cc) -+ R is called slowly increasing if 
t-s>f(t)-f(s)20 for t>s>t, . In this section we assume that the 
advanced arguments gj (i = 1, . . . . m ) are slowly increasing functions. 
THEOREM 3.1. Let 
m 
1 aj*i~finf[ra(‘){,~ p(u) fi [g,(u)-gi(s)](“p2)“1d~ds>~. (24) 
J=I i= I  
Then every solution x of (N,) for n even is oscillatory, while for n odd 
it is either oscillatory or satisfies lim, _ m xCk)( t) = 0 (k = 0, 1, . . . . n - 1) 
monotonically. 
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THEOREM 3.2. Let 
lim inf 
I 
n’(r) 1 m 
I--rcc , g*(s) ,T gils) Jsm Pi(v)lIgi(v)- Si(s)1”p2 du ,>>y. I 1 
(25) 
Then every solution x of (L, ) for n even is oscillatory, while for n odd 
it is either oscillatory or satisfies lim, _ o. xCk)( t) = 0 (k = 0, 1, . . . . n - 1) 
monotonically. 
Proof of Theorems 3.1. and 3.2. Let x be a nonoscillatory solution of 
(N, ). Then, by Lemma 2, x satisfies ( 1) for some 1 E { 0, 1, . . . . n - 1) with 
n + I odd. We observe that I = 0 only if n is odd. In this case we have 
lim,,, xCk’(t)=O (k=O, 1, . ..) n - 1) by identical arguments as in the 
corresponding part of the proof of Theorem 2.5 ((24) implies (20)). If 
1E { 1, . ..) n - 1) then the proof is similar to the proof of Theorem 2.1 with a 
slight change in formula (11). Namely, in place of (11) we use the 
inequality 
(i’;;;;yl), .fj Cgh)-g;(t)l(‘-‘)“’ 
. r-l 
a& ,(j Cgits)- gi(t)l(“-2)r’ 
I I 
for IE (1, . . . . n - 1) and s > t z t, . In the case of the differential inequality 
(L, ) the proof is analogous. 
THEOREM 3.3. Suppose that (2) holds. Moreover, let the condition (20) be 
satisfied tf n = 2, and if n > 2, then assume that 
m 
C uj lim inf 
&Y,(f) m
s I 
j=, r-m I s 
(u-s) p(u) fi [g,(u)- gi(s)]‘“=3’z1dvds>$“, 
i= 1 
(26) 
where C,=(n-2-(((-1)“+1)/2))!. Then every solution x of (N2) 
for n odd is oscillatory, while for n even it is either oscillatory or 
lim,, m xtk’(t) = 0 (k = 0, 1, . . . . n - 1) monotonically. 
THEOREM 3.4. Suppose that (3) holds. Moreover, let condition (17) be 
satisfied tf n = 2, and if n > 2, then assume that 
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max {lim_&f~~*“‘~~ i=l (u-s) f ~~i~“~~~~~s~l”~3Pi~u~duds~ 
lim inf 
s 
g*(r) 1 m 
r-m , g*(s) .F gLts) !,a (“-s)Cgi(0)-gi(s)l”~3 Pit”) dv ,}>?, I 1 
(27) 
Then euery solution x of (L,) for n odd is oscillatory, while for n euen it is 
either oscillatory or lim,, 3c xCk’(t) = 0 (k = 0, 1, . . . . n - 1) monotonically. 
Proof of Theorems 3.3 and 3.4. Let x be a nonoscillatory solution of 
(LJ (the proof for (N2) is similar). Then x satisfies (1) for some IE (0, 1, . . . . 
n - 2, H} with n + I even. The case I = n is impossible by (3) and Lemma 3. 
Also, the case ZE { 1, . . . . n-2}, n> 2, is impossible. Here the proof is 
analogous to the proof of Theorem 2.2. It only suffices to replace the 
inequalities (16) and (19) with the following estimations for s > t 3 t, and 
lE{l,...,n-2): 
(s-[)“- I- 1 
(I- l)!(n-l- l)! Cgi(s)-gi(t)l’p’ Ix”-l’(&!j(r))l 
2$ (s- t)“p’-2[g,(s)- gJt)]‘- jx”-‘)(g*(t))l 
n 
a$$ [gj(S)-gi(t)]“p3 IX(‘pl’(g*(t))l 
n 
and 
(J--t)“-‘-’ 
(I- l)!(n-f- l)! Cgi(s)-.!Ti(t)l’p’ Ix”-“(gi(t))l 
>g [gi(s)-g,(t)]n-3~ Ix’“‘(g*(t))l. 
n 
Thus 1= 0 for n even. Then lim, _ o. x”“(t) = 0 (k = 0, 1, . . . . n - 1) by 
arguments similar to those used in the proof of Theorem 2.6. Thus the 
proof is complete. 
5. DIFFERENTIAL INEQUALITIES WITH THE NONDECREASING ARGUMENTS 
In this section we consider (N,) and (L,) with nondecreasing arguments 
gi (i= 1, . . . . m) (not necessarily quickly or slowly increasing arguments). 
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THEOREM 4.1. Suppose that 
f ctjli~fifjpiil)s fi 
i= I 
[gi(s)]-“‘JK (v-s)“-2p(“)dvds>~. (28) 
j= 1 
5 
Moreover, let condition (2) be furfilled for n odd. Then every solution of 
(N, + , ) is oscillatory. 
THEOREM 4.2. Suppose that 
lim inf 
s 
g’(O s 
- 
t-m , f 
m 
g*(s) .r 
(v-s)~-’ 2 p;(v)dvds >y. (29) 
i= 1 
Moreover, let the condition (3) be fulfilled for n odd. Then every solution of 
(L, + 1 ) is oscillatory. 
Proof of Theorems 4.1 and 4.2. Suppose that (L, + , ) has a non- 
oscillatory solution x(t) #O for t 3 t, (the proof for (N,, i) is similar). 
Then x satisfies (1) for an odd 1 E { 1, 3, . . . . n}. The case l= n (n is odd) is 
impossible by (3) and Lemma 3. We shall also prove that 
14 { 1, 3, ...> n - 1 }. If 1 E { 1, 3, . . . . n - 1 } then from (9), (L, + , ), and (10) we 
obtain 
IX”‘(t)1 2 irn (~n~t)~I,I’ .g Pi(s) Ix(gi(s))l d  
a, 
a r s 
(s- t)n:,‘l’ 
f pi(s)[gi(s) - t-j-’ 1x(‘- l’(t)1 ds 
(l-l)!(n-l-l)!i=l 
3 1x(‘- l’(t)1 !-,a ‘;;;;,!’ .! p,(s) ds. 
I 1 
We note that ( 1) holds, since (29) implies (17). Hence 
Ix”‘(t)1 a& Ix”-%&))I jr 
00 (S-tt)n-2 m 
* 
tn _ 2j! ,g p,(s) ds 
I 1 
and 
lx(‘)(t)l bf lx(‘-1) 
s*(t) (g*(t))1 Jtm ‘:i!:,!’ .! Pi(s) dsv I I 
which gives a contradiction, by (29) and Lemma 1. 
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THEOREM 4.3. Suppose that (20) holds. Moreover, let condition (2) be 
satisfied for n even. If n > 2, then assume in addition that 
m 
1 ajlipl~fj~‘i”s fi 
J=I i= I  
[g;(s)]-“‘SY (u-s)n--3p(u) s 
C 
x fi [g,(u)-s]““dvds>$. 
k=l 
Then the conclusion of Theorem 2.5 holds. 
THEOREM 4.4. Suppose that (17) holds. Moreover, let condition (3) be 
satisfied for n even. I f  n > 2, then assume in addition that 
(u-s)‘~~ 2 [gi(v)-s] pi(v)du i= 1 
lim inf 
I 
g*(r) ,y m 
r-m 1 
-s (v-s)~-~ f [gi(v)-s]p,((v)dvds 
g*(s) s i= 1 
>>. 
Then the conclusion of Theorem 2.6 holds. 
Proof: The proof of these theorems is analogous to the proofs of 
Theorems 2.5, 2.6, 4.1, and 4.2, so we omit the details. 
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